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Motivated by the magnetic phase transition of a proximate Kitaev system α-RuCl3 in the presence
of a magnetic field, we study the simplest but essential quantum spin model with the ferromagnetic
nearest neighboring (NN) Kitaev interaction and additional antiferromagnetic third NN Heisenberg
interaction. Employing both exact diagonalization and density matrix renormalization group meth-
ods, we demonstrate that the model shows the magnetic phase transition from the zigzag order phase
to the spin polarized phase through an intermediate phase in both cases when an in-plane magnetic
field is applied perpendicular to the NN bond direction and when an out-of-plane field is applied, in
good agreement with experimental observations. Furthermore, we verify that additional symmetric
off-diagonal Γ interaction, believed to be comparable with the Kitaev interaction in α-RuCl3, can
suppress the intermediate phase with the in-plane field. Our result gives important clues on de-
termining relevant interactions in the field-induced magnetic phase transition of proximate Kiteav
systems.
Introduction. Quantum spin liquid (QSL) is an exotic
quantum phase in which any magnetic long-range order
is prevented due to strong quantum fluctuation [1]. The
Kitaev model with directional Ising-type interactions be-
tween the nearest neighboring (NN) spins (Kitaev inter-
action) in a honeycomb lattice is an exactly solvable sys-
tem to host as the ground state the QSL phase inter-
preted with free Majorana fermions in a static Z2 gauge
field [2]. For the last decade, there have been considerable
efforts devoted to search materials hosting the Kitaev in-
teraction [3–5].
Among those candidates, 4d/5d-based honeycomb sys-
tems such as α-RuCl3 and Na2IrO3 were proposed as best
ones to have strong Kitaev interactions [6, 7]. While such
systems certainly possess the predominant Kitaev inter-
action, their magnetic ground state has been turned out
to be not the Kitaev spin liquid (KSL) but an antifer-
romagnetic (AFM) phase with the zigzag order [8, 9].
Other non-negligible types of magnetic interactions such
as Heisenberg interactions and symmetric off-diagonal Γ
interactions [see Eq. (1)] have been known to play a role
in determining non-Kitaev ground state [10, 11].
Despite its long-range magnetic order, α-RuCl3 has
been thought as a proximate Kitaev system [12]. Re-
cent experiments with inelastic neutron scattering and
Raman spectroscopy evidenced magnetic continuum ex-
citations attributed to possible fractionalized Majorana
fermions [13–16]. A fractionalized magnetic entropy has
been also observed in specific heat measurements [16, 17].
Moreover, a lot of experimental studies have supported
that the zigzag order can be suppressed and an interme-
diate phase (IP), possible QSL, can emerge in between
the zigzag spin order and the spin polarized order when
an external magnetic field is applied [18–31]. This IP
has been recently reported to appear in the in-plane field
(especially a-axis field) as well as the out-of-plane field
[28, 30, 31]. An observed half-integer quantized plateau
in thermal Hall conductivity has highly promoted that
an anticipated IP would be the KSL [26, 31]. The nature
and origin of the IP are still under debate.
The effective model for α-RuCl3 in the presence of
an external magnetic field has been proposed and is de-
scribed by the following Hamiltonian:
H =
∑
γ〈i,j〉γ
[JSi · Sj +KSiγSjγ + Γ (SiαSjβ + SiβSjα)]
+
∑
γ〈i,j〉γ
Γ′ (SiαSjγ + SiγSjα + SiβSjγ + SiγSjβ)
+
∑
〈〈〈i,j〉〉〉
J3Si · Sj − µB
∑
i
~h · g · ~Si, (1)
where Si is the spin-1/2 operator at site i with its γ
(= x, y, z) component Siγ , 〈i, j〉γ stands for the NN pair
of sites i and j along the γ bond, and α and β re-
fer to the two remaining coordinates other than γ [see
Fig. S1(b) in Supplemental Material (SM) [32]]. K and
J are Kitaev and Heisenberg interactions, respectively, Γ
and Γ′ are two types of symmetric off-diagonal interac-
tions, and J3 is Heisenberg interaction between the 3rd
NN sites. ~h is the external magnetic field, g is the g
tensor, and µB is the Bohr magneton. For simplicity,
we assume an isotropic g tensor, although both fairly
isotropic and highly anisotropic ones have been proposed
before [33, 34].
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FIG. 1. (a) Second derivative of the ground state energy (d2Eg/dh
2) with respect to the magnetic field h along the a axis
([1,1,2¯]) for various values of the third nearest neighboring interaction J3. (b)–(c) Second derivative of the ground state energy
for various field directions (b) in the ab plane and (c) in the ac plane when J3 = 0.1|K|. Here, φ and θ refer to angles between
the a axis and the field direction in the ab and ac planes, respectively. (d)–(f) Ground state magnetic phase diagrams as a
function of the external magnetic field h along (d) the a axis, (e) the b axis ([1¯,1,0]), and (f) the c axis ([1,1,1]). ‘A1−4’ ‘B1,2’,
and ‘C1−4’ in (b) and (c) represent peaks of −d
2Eg/dh
2 in the a-, b-, and c-axis fields, respectively. ‘KSL’, ‘ZZ’, ‘PP’, and
‘IP1 (IP2)’ in (d)–(f) refer to the Kitaev spin liquid, zigzag order, polarized phase, and intermediate phase, respectively. Green
squares indicate peak positions corresponding to peaks A1 and A2 in (d), B1 in (e), and C1 in (f). All results are obtained
for the K-J3 model with the ferromagnetic Kitaev interaction (K < 0) calculated on a periodic 24-site cluster using the ED
method [32].
Until now, various models, in which specific parame-
ters are set to zero in the general model given in Eq. (1),
such as J-K [15, 35], K-Γ [36–38], K-Γ-Γ′ [39, 40], and
J-K-Γ-J3 models [41, 42], have been adopted to explore
the magnetic properties of α-RuCl3. Extended mod-
els including additional interactions have also been in-
troduced in some literatures [34, 43–46]. Among them,
some are based on the AFM Kitaev interaction (K > 0).
In this case, an intermediate U(1) QSL phase is stabi-
lized regardless of the direction of the field [47]. The
K-J model exhibits the zigzag order when K > 0 and
J < 0, and a clear IP, putative U(1) QSL, can appear
in the external field along the c axis ([1,1,1] direction
in terms of local coordinates of spins depicted in Fig.
S1(a) in SM [32]) [35]. However, recent consensus is that
the FM Kitaev interaction (K < 0) is more likely in α-
RuCl3 [11, 16, 25, 34, 41, 48]. The models with K < 0
have also been employed to explain the zigzag order and
the IP in the external field. The K-Γ-Γ′ model with
K < 0, Γ > 0, and Γ′ < 0 studied recently successfully
gives the IP in the field along the c axis. However, the
IP is totally missing when the field is along the a axis
([1,1,2¯] direction [32]) [39, 40]. Numerical calculations
with the J-K-Γ-J3 model also failed to show the IP in
the a-axis field [42].
In this study, we propose a simple theoretical quan-
tum model only with K (< 0) and J3 (> 0) to exhibit
a genuine IP in both in-plane and out-of-plane magnetic
fields. With the help of exact diagonalization (ED) and
density matrix renormalization group (DMRG) methods,
we demonstrate that the IP evidently manifests itself in
the field along both a and c axes, whereas it collapses in
the field along the b axis ([1¯,1,0] direction [32]), in accor-
dance with recent experiments [27, 30]. Compared with
other models to explain the ground state with the zigzag
order, we assert the important role of the 3rd NN inter-
action in the most promising Kitaev material α-RuCl3.
Phase diagram of K-J3 model. According to the ED
calculation with a 24-site cluster [see SM [32]], the K-J3
model exhibits the phase transition from the KSL to the
zigzag order phase at J3/|K| ≈ 0.033. When the external
magnetic field is applied, the KSL or zigzag order phase
is suppressed. Eventually, the spin polarized phase, in
which the static spin correlation function 〈S−q · Sq〉 gives
dominant intensity at the Γ point, is stabilized in the
strong field limit. Figure 1(a) shows the second derivative
of the ground state energy, d2Eg(h)/dh
2, with respect to
the a-axis field for the KSL (J3/|K| = 0) and the zigzag
order (J3/|K| = 0.05, 0.08, and 0.1) phases. Note that
−d2Eg(h)/dh
2 is proportional to the magnetic suscepti-
bility. Our calculation clearly shows the emergence of
the IP during the course of the phase transition from
the zigzag order to the polarized phase whereas the KSL
phase transforms directly to the polarized phase without
any IP.
We further investigate the magnetic phase transition
3with various field directions. Figures 1(b) and 1(c) show
−d2Eg(h)/dh
2 for J3/|K| = 0.1 when the field direction
varies from the a to b axis in the ab plane and from
the a to c axis in the ac plane, respectively. Interest-
ingly, peak A4 associated with the highest critical field
at µBh = 0.094|K| gradually diminishes when the field
direction is away from the a to b axis. This peak be-
comes indistinguishable when φ = 15◦, where φ is an
angle between the field direction and the a axis in the ab
plane. Only peak B2 at µBh = 0.071|K| remains with a
small satellite (peak B1) at µBh = 0.041|K| in the b-axis
field. In terms of the symmetry of the K-J3 model, the
IP appears (disappears) when the field is applied perpen-
dicular (parallel) to the bond direction between adjacent
NN spins. This is in good accordance with recent exper-
iments of α-RuCl3 [28, 31].
In contrast, when the field direction varies from the a
to c axis, the two highest peaks (peaks A3 and A4) are
robust with even reducing their peak widths until the
field points close to the [1, 1, 1¯] direction, corresponding
to θ = cos−1 2
√
2
3
≈ 19.47◦. Here, θ is an angle be-
tween the field direction and the a axis in the ac plane.
Concomitantly, a new peak (peak C2) appears around
µBh = 0.066|K|. This directly indicates the emergence
of additional IP when the field is applied out of the ab
plane. Because the K-J3 model is invariant under the
rotation which transforms the [1, 1, 1] direction (c axis)
to the [1, 1, 1¯] direction, −d2Eg(h)/dh
2 should be same
in the both cases. Consequently, the IP determined by
peaks A3 and A4 in the a-axis field and that detected by
peaks C3 and C4 in the c-axis field are adiabatically the
same.
We should remark that peaks labeled as A1 (at
µBh ≈ 0.03|K|), A2 (0.048|K|), B1 (0.041|K|), and C1
(0.028|K|) in Figs. 1(b) and 1(c), appearing in a small
field region where the zigzag order still remains, are not
related to the phase transition but due to the finite size
effect (see SM [32]). Besides, they also diminish mono-
tonically with decreasing J3 and are totally vague below
J3/|K| ≈ 0.8.
Figures. 1(d)–(f) show the ground state phase dia-
grams of the K-J3 model for three different field direc-
tions. Based on the phase diagram, the following fea-
tures are noticeable: i) The intermediate KSL phase is
extended from J3/|K| ≈ 0.033 to 0.065 in the presence of
the a-axis field but it progressively shrinks in other field
directions. ii) The IPs, emerging in both a- and c-axis
fields, are distinct from the KSL phase, while any IP is
inhibited in the b-axis field. iii) In the c-axis field, two
consecutive IPs [indicated as IP1 and IP2 in Fig. 1(f)]
occur and the one (IP1) appearing in the larger field is
adiabatically connected to the IP found in the presence
of the a-axis field.
DMRG calculation. For the robustness of our ED re-
sults shown above, especially to check the finite size ef-
fect, we perform the DMRG calculation with a periodic
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FIG. 2. (a) Second derivative of the ground state energy
(d2Eg/dh
2) with respect to the a-, b-, and c-axis fields h when
J3/|K| = 0.1. (b)–(d) Ground state magnetic phase diagrams
as a function of the external magnetic field h along (b) the
a axis, (c) the b axis, and (c) the c axis. ‘D1−3’, ‘E1,2’, and
‘F1−4’ in (a) represent peaks of−d
2Eg/dh
2 in the a-, b-, and c-
axis fields, respectively. ‘KSL’, ‘ZZ’, ‘PP’, and ‘IP1’ in (b)–(d)
refer to the Kitaev spin liquid, zigzag order, polarized phase,
and intermediate phase, respectively. Green squares indicate
peak positions corresponding to peak E1 in (c). All results are
obtained for the K-J3 model with the ferromagnetic Kitaev
interaction (K < 0) calculated on a periodic 32-site cluster
using the DMRG method [32].
32-site cluster. The DMRG method is believed to accu-
rately simulate the ground state of the K-J3 honeycomb
model even in the two dimensional limit [see SM [32]].
Figure 2(a) shows −d2Eg/dh
2 for J3/|K| = 0.1 in the
a-, b-, and c-axis fields. Noteworthy, there is no peak
of −d2Eg/dh
2 below µBh/|K| = 0.05 in any field direc-
tion. With this, we can assure that the low-field peaks
below µBh/|K| = 0.05 in the ED calculation are due to
the finite size effect and do not involve any phase tran-
sition. Above µBh/|K| = 0.05, the DMRG calculation
finds three (D1, D2, and D3), two (E1 and E2), and four
peaks (F1, F2, F3, and F4) of −d
2Eg/dh
2 in the a-, b-
, and c-axis fields, respectively, in contrast with the ED
calculation in which two, one, and three peaks appear, re-
spectively. Two and three types of consecutive IPs seem
to be manifested in the a- and c-axis fields, respectively.
In the b-axis field, there exist two peaks (peaks E1 and
E2). The lower peak (peak E1), however, is not related
to the phase transition since it extends into the zigzag
phase in larger J3/|K| cases. As in the ED calculation,
the higher peak (peak E2) determines the phase bound-
ary between the zigzag order and polarized phases. Posi-
tions of highest two peaks (peaks D2 and D3) in the a-axis
field and those of highest two peaks (peaks F3 and F4)
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FIG. 3. Second derivative of the ground state energy
(d2Eg/dh
2) with respect to the magnetic field h for various
Γ values in (a) the a-axis field (Γ/|K| = 0, 0.02, 0.05, and
0.1) and (b) the c-axis field (Γ/|K| = 0, 0.03, and 0.05) when
J3/|K| = 0.1. All results are obtained for the K-J3 model
with the ferromagnetic Kitaev interaction (K < 0) calculated
on a periodic 24-site cluster using the ED method.
in the c-axis field are almost coincident with each other.
Therefore, our DMRG calculation further supports the
adiabatic connection between the two IPs (indicated as
IP1 in Fig. 2) appearing in the presence of the fields along
the two directions.
The phase diagrams obtained by the DMRG calcula-
tion is summarized in Figs. 2(b)–2(d) for three different
field directions. Overall shapes are similar to those ob-
tained by the ED calculation. As shown in Fig. 2(b),
however, the intermediate KSL phase does not exist for
0.04 / µBh / 0.06 in the a-axis field, different from the
result of the ED calculation shown in Fig. 1(d). We sus-
pect that such a difference would result from the finite
size effect. Moreover, it is not clear how many consec-
utive IPs exist in the a- and c-axis fields because the
32-site calculation also suffers from the finite size effect.
Nevertheless, our study unambiguously reveals that the
IP is evident both in the a- and c-axis fields but it is
absent in the b-axis field.
Discussion. As shown in Eq. (1), the general form
of the magnetic interaction in α-RuCl3 includes other
terms beyond K and J3 interactions. Especially, the off-
diagonal Γ interaction has been thought to play a crucial
role in the magnon dispersion and magnetic anisotropy
of α-RuCl3, and estimated to be comparable with the
Kitaev interaction [36, 41, 44, 48–52]. To clarify the ef-
fect of the Γ term in the field-induced phase transition,
we calculate d2Eg/dh
2 for various Γ values. As shown
in Fig. 3(a), the multiple-peak structure in the a-axis
field is almost suppressed and a broad one-peak struc-
ture remains even with quite small Γ term as large as
Γ/|K| ≈ 0.05 for J3 = 0.1|K|. In case of the c-axis field,
the first IP determined by peaks C2 and C3 collapses
when Γ/|K| ≈ 0.04. On the other hand, the second IP
determined by peaks C3 and C4 is robust in the finite
Γ interaction, although its boundaries shift upward with
the overall IP region shrunk [see Fig. 3(b)]. This clearly
demonstrates why models including Γ interactions stud-
ied previously failed to give the IP in the in-plane field in
contrast with the case in the out-of-plane field [39, 40, 42].
According to Ref. 28, the classical noncoplanar spin
structure with the six-site magnetic unit cell was claimed
to be a possible candidate of the IP in the a-axis field em-
ploying theK-J-Γ-J3 model. However, the classicalK-J3
model does not exhibit any clue for the IP. Instead, the
magnetic phase continuously varies from the zigzag order
to the fully polarized phase with increasing the canting
angle of AFM spins regardless of the field direction [see
Ref. 44 and SM [32]]. Hence, we rule out the classical
magnetic phase as the IP.
In the c-axis field, physical quantities such as the spin
correlation function and the magnetization show step-like
variations around the phase boundaries (see SM [32]).
Similar behaviors were also observed in the K-J model
with AFM K and FM J interactions around the IP in the
c-axis field, where U(1) spin liquid was proposed for the
IP [35]. In the field away from the c axis, the step-like
variation is suppressed (not shown here). Such a feature
remains in the a-axis field but totally diminishes in the
b-axis field. According to the calculation of the magnetic
excitations in the presence of the magnetic field (see the
SM [32]), the excitation gap is almost closed at both Γ
andM points in the vicinity of the IP [labeled as ‘IP1’ in
Figs. 1(d) and 1(f)]. Moreover, the excitation spectrum
is well-spread like continuum excitations at the Γ point.
This implies that the IP1 is possibly U(1) spin liquid
characterized as the gapless fermionic excitation. Further
studies are highly desired to confirm that the excitation
is genuinely gapless.
Conclusion. Based on the numerical calculation with
both ED and DMRG methods, we find that the quan-
tum K-J3 model can exhibit the magnetic phase transi-
tion from the zigzag order phase to the polarized phase
via an IP even in the a-axis field. Our results are in
good qualitative agreement with recent observations in
the proximate Kitaev material α-RuCl3 [28, 30, 31]. We
also find that the IP in the a-axis field is adiabatically
connected to the IP in the c-axis field but diminishes
in the b-axis field. Considering that our model is quite
concise, our results provide a new insight on searching a
spin Hamiltonian relevant to α-RuCl3 and also on under-
standing its field-induced phase transition.
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ED CALCULATION
To explore the ground state magnetic phase of the K-J3 model, we adopt a periodic 24-site cluster with periodic
boundary conditions shown in Fig. S1(b). Using the exact diagonalization (ED) method based on the Lanczos
algorithm, we calculate the ground state and its energy. In the pure Kitaev model (J3 = 0), the ground state is the
Kitaev spin liquid (KSL) and the expectation value of the plaquette operator Wp = 2
6S1xS2yS3zS4xS5yS6z for one
hexagon [see Fig. S1(b)] should be exactly one. The static spin correlation (SC) function 〈S−q · Sq〉 does not show
any peak structure at specific momentum q due to the quantum paramagnetism. When J3 is turned on, the ground
state changes from the pure KSL phase. Until the critical value of J3, however, it is still adiabatically connected to
the KSL phase even though 〈Wp〉 slightly deviates from one. When the magnitude of J3 is larger than the critical
value (J3/|K| ≈ 0.033), 〈Wp〉 is suddenly dropped and slowly saturated down to a negative value (≈ −0.19) when
J3/|K| > 0. Concomitantly, 〈S−q · Sq〉 at the M points abruptly jumps. This supports that the magnetic ground
state changes from the KSL phase to the zigzag order phase [see Fig. S1(c) and S1(d)].
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FIG. S1. (a) Schematic diagram of two Ru ions mediated via edge-sharing Cl ions along the b aixs in α-RuCl3. Cyan balls refer
to Ru ions, and yellow and green balls represent Cl ions above and below the ab plane, respectively. Black arrows represent
local coordinate axes [1,0,0], [0,1,0], and [0,0,1] pointing from the central Ru ion to the upper Cl ions in a RuCl6 octahedron.
(b) Schematic diagram of a periodic 24-site cluster. Green, blue, and red lines refer to x-, y-, and z-type neighboring bonds,
respectively. Six sites in the central hexagon are used to calculate the expectation value of plaquette operator (Wp). Lattice
coordinates (a, b, and b axes) are also indicated as [1,1,2¯], [1¯,1,0], and [1,1,1] in terms of local coordinates of spins. (c) Second
derivative of the ground state energy (−d2Eg/dJ
2
3 ) with respect to the third nearest neighboring interaction J3 and (d) static
spin correlation functions 〈S−q · Sq〉 at the Γ and M1 points, and the expectation value of the plaquette operator Wp as a
function of J3 for the K-J3 model with the ferromagnetic Kitaev interaction (K < 0) calculated on the periodic 24-site cluster
using the ED method. Brillouin zone of a honeycomb lattice is also shown in the inset of (c).
8ANALYSIS OF THE ZIGZAG ORDER PHASE IN THE LOW-FIELD LIMIT
To explore the zigzag order phase more carefully, we examine the evolution of three lowest excited states with the
a-axis field at J3/|K| = 0.1. As shown in Fig. S2(a), the excitation energy of the first excited state is much smaller
than those of the second and third excited states in the low-field limit. When the magnetic field is located in the
region bounded by peaks A1 and A2 of −d
2Eg/dh
2 at µBh/|K| ≈ 0.03 and 0.05, respectively [also see Fig. 1(b) in
the main text], the first excitation energy becomes almost zero. Also, |〈Ψg(h)|Ψg(0)〉|
2 and |〈Ψg(h)|Ψ1(0)〉|
2 show the
hollow and hump, respectively, in this region [see Fig. S2(b)]. It implies that the ground and first excited states in the
zero field are certainly mixed together in this region, and thus leading to the abrupt change of the ground and first
excited states at the fields corresponding to peaks A1 and A2. Note that the ground and first excited states both show
dominant intensity of the static SC function 〈S−q · Sq〉 at the M points up to the magnetic field corresponding to
peak A3 [see Fig. S2(c) and S2(d)]. Therefore, it hardly involves any genuine phase transition in this region. Similarly,
from the results shown in Fig. S2(e) and S2(f), we can conclude that peaks B1 and C1 of −d
2Eg/dh
2 in the b- and
c-axis fields [see Figs. 1(b) and 1(c) in the main text] are also not related to a phase transition.
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FIG. S2. (a) Evolution of the three lowest excitation energies with the a-axis field h. (b) The overlap intensity among the
ground and first excited states, |Ψg(h)〉 and |Ψ1(h)〉, respectively, in the magnetic field h along the a axis. (c)–(f) Static spin
correlation function 〈S−q · Sq〉 at theM1, M2, M3, and Γ points for the ground states |Ψg(h)〉 in the a-, b- and c-axis fields, and
the first excited state |Ψ1(h)〉 in the a-axis field. Arrows indicate the positions of peaks A1−4, B1,2, and C1−4 of −d
2Eg/dh
2
[see Figs. 1(b) and 1(c) in the main text]. All results are obtained for the K-J3 model with the ferromagnetic Kitaev interaction
(K < 0) and J3/|K| = 0.1 calculated on a periodic 24-site cluster using the ED method.
DMRG CALCULATION
To solve the K-J3 model with the density matrix renormalization group (DMRG) method, we consider a periodic
2× 4× 4 cluster shown in Fig. S3(a). To verify the relevance of the DMRG calculation in the two-dimensional K-J3
model, we also perform the DMRG calculation of a periodic 2× 4× 3 cluster and compare it with the ED calculation.
Figure S3(b) shows the energies calculated by the ED and DMRG methods for various values of the a-axis fields when
we keep up to m = 2000 eigenstates with largest eigenvalues of the reduced density matrix of the ground state in
the DMRG calculation. We check that the energy is converged with the accuracy less than 10−7|K|. Despite of the
two-dimensional system, the DMRG calculation is thus adequate to obtain the ground state of the K-J3 model. In
the case of the periodic 2× 4× 4 cluster, we increase the number of density-matrix eigenstates kept up to m = 2500
9for better convergence. Because of the large computational cost, we perform the calculation with a mild truncation
error of the ground state energy around 10−7|K| ∼ 10−4|K|.
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FIG. S3. (a) Schematic diagram of a periodic 2 × L1 × L2 cluster with L1 = L2 = 4. (b) Ground state energy Eg as a
function of the magnetic field h along the a axis for the K-J3 model with the ferromagnetic Kitaev interaction (K < 0) and
J3/|K| = 0.1 calculated on a periodic 2× 3× 3 cluster using the ED and DMRG methods.
CLASSICAL MONTE-CARLO CALCULATION
To understand the magnetic phase transition of the classical K-J3 model in the presence of the magnetic field, we
consider a periodic 2 × 24 × 24 cluster and perform the classical Monte-Carlo (MC) calculation with the standard
Metropolis algorithm. Figure S4 shows the evolution of order parameters OΓ and OM (i.e. static SC function
〈S−q · Sq〉 at the Γ and M points, respectively) for the zigzag order phase and the polarized phase for J3/|K| = 0.1
at temperature kBT/|K| = 0.01 in the a- and c-axis fields calculated with 40000 MC steps after 20000 MC steps
for thermalization. As the magnetic field increases, the order parameter for the zigzag order phase decreases with
increasing the slop until losing all intensity, while that for the polarized phase almost linearly increases until it is
completely saturated. No indication of an intermediate phase is observed during the phase transition from the zigzag
order phase to the polarized phase.
0.0
0.3
0.6
0.9
1.2
 0.00 0.04 0.08 0.12 0.16
µBh/|K|
N
om
al
iz
ed
 o
rd
er
 p
a
ra
m
et
er
J3/|K|=0.1
(a) h || a[1,1,2
-
]
O
Γ
OM
 
 
 
 
 
0.00 0.04 0.08 0.12 0.16 0.20
µBh/|K|
(b) h || c[1,1,1]
J3/|K|=0.1
O
Γ
OM
FIG. S4. Evolution of order parameters for the zigzag order phase (OM ) and the polarized phase (OΓ) as a function of the
external magnetic field along (a) the aaxis and (b) the c axis for the classical K-J3 model with J3/|K| = 0.1. The temperature
is set to be 0.01|K|/kB and a periodic 2× 24× 24 cluster is used in the classical MC calculation.
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STATIC SPIN CORRELATION, MAGNETIZATION, AND DYNAMICAL SPIN CORRELATION
To gain an insight on the intermediate phase (IP), we calculate the static SC functions 〈Si · Sj〉, magnetizations,
and dynamical SC functions for the K-J3 model on the periodic 24-site cluster shown in Fig. S1(a) in the presence of
the magnetic field.
Figures S5(a)–(c) show the static SC functions in the a-, b-, and c-axis fields. In the case of J3/|K| = 0.1 with no
magnetic field where the zigzag order is dominant, strong FM Kitaev and AFM J3 interactions lead to positive SC
function (≈ 0.12) among NN spins and negative SC function (≈ −0.24) among third NN spins. On the other hand,
the SC function among second NN spins is as large as −0.068. This is because two spins at second NN sites can
simultaneously belong to only one of the three FM zigzag chains determined by the ordering momenta, M1, M2, and
M3 points. Thus, the SC function among second NN spins is the average value of two AFM and one FM correlations.
When the magnetic field is weak enough (µBh/|K| / 0.06), the zigzag order is still dominant and the static SC
functions are almost robust [see Figs. S5(a)–(c)]. In the c-axis field, two consecutive IPs take place with increasing
the field. As shown in Fig. S5(c), all SC functions vary discontinuously at the boundaries of the IPs. With further
increasing the field, the SC functions eventually become all positive because all spins are almost polarized along the
field direction. In the a-axis field, the discontinuous change of the SC functions is somewhat suppressed but the steep
variation of the SC functions still appears around the IP boundaries and their slope becomes slightly moderate in the
IP region [see Fig. S5(a)]. In contrast, in the b-axis field, the SC functions change abruptly around the critical field
and then increase continuously, as shown in Fig. S5(b).
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FIG. S5. (a)–(c) Spin correlation functions 〈Si · Sj〉 between NN spins (〈S1 · S2〉, 〈S1 · S6〉), second NN spins (〈S1 · S3〉,
〈S1 · S5〉), and third NN spins (〈S6 · S3〉, 〈S1 · S4〉) as a function of the magnetic field h in (a) the a axis, (b) the b axis, and (c)
the c axis. The locus of spins in the cluster are indicated in Fig. S1(a). (d)–(f) Magnetization per site along the field direction
as a function of the magnetic field h in (d) the a axis, (e) the b axis, and (f) the c axis. For comparison, second derivative of
the ground state energy (d2Eg/dh
2) with respect to the field is also shown in (a)–(c). Arrows in (d)–(f) indicate the positions
of peaks A1−4, B1.2, and C1−4 of −d
2Eg/dh
2 [also see Figs. 1(b) and 1(c) in the main text]. All results are obtained for the
K-J3 model with the ferromagnetic Kitaev interaction (K < 0) and J3/|K| = 0.1 calculated on a periodic 24-site cluster using
the ED method.
Figures S5(d)–(f) show the magnetization per site along the respective field direction as a function of the magnetic
field along the a, b, and c axes. In the c-axis field, the step-like magnetization is manifested around the IPs. This
is reminiscence of the magnetization plateau frequently observed in frustrated quantum magnets. When the field is
11
applied away from the c axis, the step-like feature becomes diminished. However, we can still notice that the slope of
the magnetization curve changes somewhat discontinuously around the boundaries of the IP in the a-axis field, while
the magnetization simply increases smoothly in the b-axis field.
Dynamical SC function Cq(ω) at momentum q and energy ω is given as
Cq(ω) = −
1
π
Im

 ∑
a∈{x,y,z}
〈
S−q,a
1
ω −H + Eg + iδ
Sq,a
〉
 , (S1)
where Eg is the ground state energy and δ (= 0.025|K|) is the broadening parameter. Figure S6 shows CΓ(ω), CM1(ω),
and CM3(ω) for the K-J3 model in the a-, b-, and c-axis fields. Note that CM2(ω) is exactly the same as CM1 (ω) in
these three magnetic fields due to the symmetry.
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FIG. S6. Dynamical spin correlation functions Cq(ω) as a function of the magnetic field h in the a-axis field at (a) the Γ point,
(d) the M1 point, and (g) the M3 point, in the b-axis field at (b) the Γ point, (e) the M1 point, and (h) the M3 point, and in
the c-axis field at (c) the Γ point, (f) the M1 point, and (i) the M3 point. White arrows indicate the positions of peaks A1−4,
B1,2, and C1−4 of −d
2Eg/dh
2 [see Fig. 1(b) and 1(c) in the main text]. For clarity, the elastic contribution of Cq(ω) at ω = 0
is omitted. All results are obtained for the K-J3 model with the ferromagnetic Kitaev interaction (K < 0) and J3/|K| = 0.1
calculated on a periodic 24-site cluster using the ED method.
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As shown in Figs. S6(a)–(c), CΓ(ω) exhibits strong spectral weight at ω/|K| ≈ 0.25 when h = 0, determining the
excitation gap in the absence of the field. Applying the magnetic field, the spectral weight is spread over a wide region
of ω in any field direction. The excitation gap is decreased with increasing the field until the zigzag order phase is no
longer robust. The excitation gaps are about 0.038|K|, 0.045|K|, and 0.046|K| at the phase boundaries corresponding
to the A3 position (µBh/|K| ≈ 0.075), B2 position (µBh/|K| ≈ 0.071), and C2 position (µBh/|K| ≈ 0.066) in the a-,
b-, and c-axis fields, respectively. In the b-axis field, the excitation gap begins to increase with further increasing the
field above the B2 position. In the a-axis field, the excitation gap similarly increases after the A3 position except that
a weak spectral weight arises below the main excitation spectra [see Fig. S6(a)]. In the c-axis field, the excitation
spectra change discontinuously around the phase boundaries, similar to the evolution of the static SC function and
the magnetization shown in Figs. S5(c) and S5(f). The excitation gap suddenly drops from 0.046|K| to zero at the C2
position and then simply increases with further increasing the field. Notice also that as in the case of the a-axis field,
a weak spectral weight arises below the main spectral wight. The excitation gap detected from this emergent weak
spectral weight closes at the phase boundaries determined by the C3 position (µBh/|K| ≈ 0.076) and C4 position
(µBh/|K| ≈ 0.096), and increases monotonically in the polarized phase.
As shown in Figs. S6(d)–(i), CM1(ω) and CM3(ω) show strong spectral weight at ω/|K| ≈ 0.09 in the absence of the
field. In contrast with CΓ(ω), these spectral weights are hardly spread even in the finite fields when the zigzag order
is stabilized. In the a-axis field, CM1(ω) has a minimum excitation gap (≈ 0.025|K|) around the phase boundary
between the zigzag order phase and the IP. In the b-axis field, CM3(ω) has a minimum excitation gap (≈ 0.033|K|)
at µBh/|K| ≈ 0.08, which is slightly larger than the critical field µBh/|K| ≈ 0.071 (B2 position). In the c-axis field,
the minimum excitation gap (≈ 0.022|K|) of CM1(ω) and CM3(ω) appears at µBh/|K| ≈ 0.076, the phase boundary
between the two IPs (C3 position). Inside these two IPs, the variation of the excitation gap is not much strong.
